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THE RIGIDITY PROBLEM FOR ANALYTIC CRITICAL CIRCLE
MAPS
D. KHMELEV AND M. YAMPOLSKY
Abstract. It is shown that if f and g are any two analytic critical circle mappings with
the same irrational rotation number, then the conjugacy that maps the critical point of
f to that of g has regularity C1+α at the critical point, with a universal value of α > 0.
As a consequence, a new proof of the hyperbolicity of the full renormalization horseshoe
of critical circle maps is given.
Foreword. In the last several decades, since the works of Mostow, Margulis, Sullivan, and
others, rigidity problems occupy a central place in the theory of holomorphic dynamical
systems. This type of problems is classical in dynamics: a rigidity theorem postulates that
in a certain class of dynamical systems equivalence (combinatorial, continuous, smooth,
etc.) automatically has a higher regularity. The dynamical systems considered in this
paper are critical circle maps, that is smooth homeomorphisms of the circle with a single
critical point having a cubic type. These maps have been a subject of intensive study since
the early 1980’s as one of the two main examples of universality in transition to chaos.
In 1984 Yoccoz [Yoc] showed that any two such maps with the same irrational rotation
number are conjugate by a continuous change of coordinates (this is a generalization of the
classical result of Denjoy for C2 diffeomorphisms). The central result of this paper is the
following rigidity theorem:
Main Theorem. For any two analytic critical circle maps with the same irrational rotation
number, the conjugacy, which maps the critical point of one to the critical point of the
other is C1+α-smooth at the critical point. Here α > 0 is a universal constant.
The theorem verifies the so-called C1+α-rigidity conjecture for critical circle maps. The
conjecture has a history dating back to at least the early 1980’s, as it is related to the
universality in critical circle maps, and together with the similar conjecture for the uni-
modal maps of the interval it appears in the works of Feigenbaum, Lanford, Sullivan and
others. There was some recent progress in the study of the conjecture, as de Faria and
de Melo [dFdM2] used the methods of McMullen [McM2] to establish it for the rotation
numbers satisfying the Diophantine condition with the exponent 2, usually referred to in
the subject as the bounded type condition. The understanding of the unbounded type
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requires an analysis of critical circle mappings with an almost parabolic dynamics, which
we have carried out in this paper.
1. Preliminaries
Some notations. We use dist and diam to denote the Euclidean distance and diameter
in C, and we let area(D) denote the area of a domain D ⊂ C. We shall say that two
real numbers A and B are K-commensurable for K > 1 if K−1|A| ≤ |B| ≤ K|A|. We
will use the notation A ∼
K
B in this case, omitting K and writing simply A ∼ B when
the commensurability factor is universal. The notation Dr(z) will stand for the Euclidean
disk with the center at z ∈ C and radius r. The unit disk D1(0) will be denoted D. The
plane (C \ R) ∪ J with the parts of the real axis not contained in the interval J ⊂ R
removed will be denoted CJ . By the circle T we understand the affine manifold R/Z, it is
naturally identified with the unit circle S1 = ∂D. The real translation x 7→ x+ θ projects
to the rigid rotation by angle θ of the circle, Rθ : T → T. For two points a and b in
the circle T which are not diametrically opposite, [a, b] will denote the shorter of the two
arcs connecting them. As usual, |[a, b]| will denote the length of the arc. For two points
a, b ∈ R, [a, b] will denote the closed interval with endpoints a, b without specifying their
order. The cylinder in this paper, unless otherwise specified, will mean the affine manifold
C/Z. Its equator is the circle {Im z = 0}/Z ⊂ C/Z. A topological annulus A ⊂ C/Z will
be called an equatorial annulus, or an equatorial neighborhood, if it has a smooth boundary
and contains the equator.
By “smooth” in this paper we will mean “of class C∞”, unless another degree of smooth-
ness is specified. The notation“Cω” will stand for “real-analytic”.
For a piecewise-analytic dynamical system F = ⊔fi in the Riemann sphere we will call
the dynamics generated by the iterates of fi and the univalent inverse branches f
−1
i the
complete dynamics of F .
1.1. Statements of the results. A critical circle map is an orientation preserving auto-
morphism of T of class C3 with a single critical point c. A further assumption is made that
the critical point is of cubic type. This means that for a lift f¯ : R→ R of a critical circle
map f with critical points at the integer translates of c¯,
f¯(x)− f¯(c¯) = (x− c¯)3(const+O(x− c¯)).
We note that all the renormalization results will hold true if in the above definition “3” as
the order of smoothness and the order of the critical point is replaced by any other odd
number. To fix our ideas, we will always place the critical point of f at 0 ∈ T.
Being a homeomorphism of the circle, a critical circle map f has a well-defined rotation
number, denoted ρ(f). It is useful to represent ρ(f) as a contined fraction with positive
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terms
(1.1) ρ(f) =
1
r0 +
1
r1 +
1
r2 + · · ·
Further on we will abbreviate this expression as [r0, r1, r2, . . .] for typographical conve-
nience. Note that the numbers ri are determined uniquely if and only if ρ(f) is irrational.
In this case we shall say that ρ(f) (or f itself) is of the type bounded by B if sup ri ≤ B.
The main result of this paper is the following Theorem:
Theorem 1.1. There exists a universal constant α > 0 such that the following holds. Let
f1 and f2 be two analytic critical circle maps with the same irrational rotation number.
Denote ψ : T→ T the conjugacy ψ ◦ f1 ◦ψ−1 = f2 fixing the origin. Then ψ is C1+α at the
origin.
The above theorem should be seen as a generalization of the result of de Faria and de Melo
[dFdM1, dFdM2], who showed that when ρ(fi) is of a type bounded by some constant B,
the conjugacy ϕ is globally C1+α smooth, with α = α(B). An immediate corrolary is:
Corollary 1.2. The uniform distance between the successive renormalizations Rnfi de-
creases at a universal geometric rate.
We use this to obtain a new proof of the main result of [Ya4]:
Theorem 1.3. The global renormalization horseshoe of the cylinder renormalization op-
erator Rcyl is uniformly hyperbolic, with one-dimensional unstable direction.
2. The geometry of the closest returns and renormalization
2.1. The dynamical partition of a critical circle map. Recall that an iterate fk(0) is
called a closest return of the critical point if the arc [0, fk(0)] contains no iterates f i(0) with
i < k. By a classical result of Poincare´ every circle homeomorphism f with an irrational
rotation number is semi-conjugate to the rigid rotation Rρ(f). Moreover, Yoccoz [Yoc]
has shown that in the case when f is a critical circle map, the semi-conjugacy becomes
a conjugacy, thus extending the classical result of Denjoy to this case. Poincare´’s result
implies that the order of the points in an orbit of f with an irrational rotation number is
the same as that in an orbit of Rρ(f). It follows, in particular, that if we denote {pm/qm}
the sequence of best rational approximations of ρ(f) obtained as the truncated continued
fractions pm/qm = [r0, r1, . . . , rm−1], then the iterates {f
qm(0)} are closest returns of 0. Set
Im ≡ [0, f
qm(0)]. We will denote I im = f
i(Im). An important combinatorial fact is that the
collection of intervals
(2.1) Pm = {Im, I
1
m, . . . , I
qm+1−1
m } ∪ {Im+1, I
1
m+1, . . . , I
qm−1
m+1 }
covers the circle. Moreover, the intervals in the collection Pm may overlap only at the
endpoints. Hence we will refer to Pm as the m-th dynamical partition of f . The geometry
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of the partition (2.1) is essential to our study. Of crucial importance is the following real
a priori bound of S´wia¸tek and Herman:
Theorem 2.1. There exists a universal constant K > 1 such that the following holds. Let
f : T → T be a critical circle map with an irrational rotation number. Then there exists
m0 = m0(f) such that for all m ≥ m0 and every pair I, J of adjacent atoms of the partition
(2.1),
K−1|J | ≤ |I| ≤ K|J |.
Utilizing the above bounds Herman has shown in [He] (see [dFdM1] for a published ac-
count):
Theorem 2.2. Any two critical circle maps with the same irrational rotation numbers are
quasisymmetrically conjugate.
2.2. Definition of renormalization of critical circle maps. An analogy with the uni-
versality phenomena in statistical physics and with the already discovered Feigenbaum-
Collett-Tresser universality in unimodal maps, led the authors of [FKS] and [ORSS] to
explain the existence of the universal constants by introducing a renormalization operator
acting on critical circle maps. The definition is by no means straightforward. A detailed
discussion may be found in [Ya3]. We need a supporting definition:
Definition 2.1. A commuting pair ζ = (η, ξ) consists of two C3-smooth orientation pre-
serving interval homeomorphisms η : Iη → η(Iη), ξ : Iξ → ξ(Iξ), where
(I) Iη = [0, ξ(0)], Iξ = [η(0), 0];
(II) Both η and ξ have homeomorphic extensions to interval neighborhoods of their
respective domains with the same degree of smoothness, which commute, η◦ξ = ξ◦η;
(III) ξ ◦ η(0) ∈ Iη;
(IV) η′(x) 6= 0 6= ξ′(y), for all x ∈ Iη \ {0}, and all y ∈ Iξ \ {0}.
ξ (0)η
ηIξI
0η(0) (0)ξ
η
ξ
Figure 1. A commuting pair
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The commutation condition allows one to iterate the extensions of the maps of a commuting
pair. It also allows us to perform the following glueing construction. Given a critical
commuting pair ζ = (η, ξ) we can regard the interval I = [η(0), ξ ◦ η(0)] as a circle,
identifying η(0) and ξ ◦ η(0) and define fζ : I → I by
fζ =
{
η ◦ ξ(x) for x ∈ [η(0), 0]
η(x) for x ∈ [0, ξ ◦ η(0)]
The mapping ξ extends to a C3-diffeomorphism of open neighborhoods of η(0) and ξ ◦η(0).
Using it as a local chart we turn the interval I into a closed one-dimensional manifold M .
Condition (II) above implies that the mapping fζ projects to a well-defined C
3-smooth
homeomorphism Fζ : M → M . Identifying M with the circle by a diffeomorphism ϕ :
M → T we recover a critical circle mapping fϕ = ϕ◦Fζ ◦ϕ−1. The critical circle mappings
corresponding to two different choices of ϕ are conjugated by a diffeomorphism, and thus
we recovered a C3-smooth conjugacy class of circle mappings from a critical commuting
pair.
We can metrize the space of Cr-smooth commuting pairs considered modulo an affine
conjugacy as follows (see [dFdM1]). Let ζ1 = (η1, ξ1), ζ2 = (η2, ξ2) be two such pairs, and
denote wi : C→ C a Mo¨bius transformation which maps the ordered triple of points ηi(0),
0, ξi(0) to 0, 1/2, 1. The C
r-distance between ζ1 and ζ2 is set to be
distCr(ζ1, ζ2) = max{|ξ1(0)/η1(0)− ξ2(0)/η2(0)|, distCr(w1 ◦ ζ1 ◦ w
−1
1 , w2 ◦ ζ2 ◦ w
−1
2 )}.
Let f be a critical circle mapping, whose rotation number ρ has a continued fraction
expansion (1.1) with at least m + 1 terms, and let pm/qm = [r0, . . . , rm−1]. The pair of
iterates f qm+1 and f qm restricted to the circle arcs Im and Im+1 correspondingly can be
viewed as a critical commuting pair in the following way. Let f¯ be the lift of f to the real
line satisfying f¯ ′(0) = 0, and 0 < f¯(0) < 1. For each m > 0 let I¯m ⊂ R denote the closed
interval adjacent to zero which projects down to the interval Im. Let τ : R → R denote
the translation x 7→ x+ 1. Let η : I¯m → R, ξ : I¯m+1 → R be given by η ≡ τ−pm+1 ◦ f¯ qm+1,
ξ ≡ τ−pm ◦ f¯ qm. Then the pair of maps (η|I¯m, ξ|I¯m+1) forms a critical commuting pair
corresponding to (f qm+1|Im, f
qm|Im+1). Henceforth we shall simply denote this commuting
pair by
(2.2) (f qm+1|Im, f
qm|Im+1).
This allows us to readily identify the dynamics of the above commuting pair with that of
the underlying circle map, at the cost of a minor abuse of notation.
Following [dFdM1], we say that the height χ(ζ) of a critical commuting pair ζ = (η, ξ)
is equal to r, if
0 ∈ [ηr(ξ(0)), ηr+1(ξ(0))].
If no such r exists, we set χ(ζ) =∞, in this case the map η|Iη has a fixed point. For a pair
ζ with χ(ζ) = r < ∞ one verifies directly that the mappings η|[0, ηr(ξ(0))] and ηr ◦ ξ|Iξ
again form a commuting pair. For a commuting pair ζ = (η, ξ) we will denote by ζ˜ the
pair (η˜|I˜η, ξ˜|I˜ξ) where tilde means rescaling by the linear factor λ = −
1
|Iη |
.
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Definition 2.2. The renormalization of a real commuting pair ζ = (η, ξ) is the commuting
pair
Rζ = (η˜r ◦ ξ|I˜ξ, η˜| ˜[0, ηr(ξ(0))]).
The non-rescaled pair (ηr◦ξ|Iξ, η|[0, η
r(ξ(0))]) will be referred to as the pre-renormalization
pRζ of the commuting pair ζ = (η, ξ).
For a pair ζ we define its rotation number ρ(ζ) ∈ [0, 1] to be equal to the continued
fraction [r0, r1, . . .] where ri = χ(R
iζ). In this definition 1/∞ is understood as 0, hence
a rotation number is rational if and only if only finitely many renormalizations of ζ are
defined; if χ(ζ) = ∞, ρ(ζ) = 0. Thus defined, the rotation number of a commuting pair
can be viewed as a rotation number in the usual sense:
Proposition 2.3. The rotation number of the mapping Fζ is equal to ρ(ζ).
There is an advantage in defining ρ(ζ) using a sequence of heights in removing the am-
biguity in prescribing a continued fraction expansion to rational rotation numbers in a
renormalization-natural way.
For ρ = [r0, r1, . . .] ∈ [0, 1] let us set
G(ρ) = [r1, r2, . . .] =
{
1
ρ
}
,
where {x} denotes the fractional part of a real number x (G is usually referred to as the
Gauss map). As follows from the definition,
ρ(Rζ) = G(ρ(ζ))
for a real commuting pair ζ with ρ(ζ) 6= 0.
The renormalization of the real commuting pair (2.2), associated to some critical circle
map f , is the rescaled pair (f˜ qm+2|I˜m+1, f˜ qm+1|I˜m+2). Thus for a given critical circle map f
the renormalization operator recovers the (rescaled) sequence of the first return maps:
{(f˜ qi+1|I˜i, f˜ qi|I˜i+1)}
∞
i=1.
A critical commuting pair is a commuting pair (η, ξ) whose maps are real-analytic. We
shall also impose a technical assumption that ξ analytically extends to an interval (a, b) ∋ 0
with ξ(a, b) ⊃ [η(0), ξ(0)], and has a single critical point 0 in this interval. The space
of critical commuting pairs modulo affine conjugacy will be denoted by C; its subset
consisting of pairs ζ with χ(ζ) =∞ will be denoted by S∞. Renormalization is an injective
transformation R : C \C∞ → C (see [Ya2]).
3. Holomorphic extensions of critical commuting pairs
In 1986 Eckmann and Epstein [EE] introduced a space of critical commuting pairs now
known as the Epstein class. They showed that this class is invariant under the action
of R, and constructed the golden-mean fixed point of R in this class using the methods
of geometric complex analysis. It was further shown by various people, such as Sullivan
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(in the unimodal case), S´wia¸tek, Herman, and Yoccoz, that the renormalizations of any
C3-smooth commuting pair with an irrational rotation number converge to the Epstein
class, at a geometric rate in the C2-metric. Below, after some preliminaries, we define the
Epstein class, and formulate these results more precisely.
3.1. Carathe´odory topology on a space of branched coverings. Consider the col-
lection X of all triplets (U, u, f), where U ⊂ C is a topological disk different from the whole
plane, u ∈ U , and f : U → C is a three-fold analytic branched covering map, with the only
branch point at u. We will topologize X as follows (cf. [McM1]).
Let {(Un, un)} be a sequence of open connected regions Un ⊂ C with marked points
un ∈ Un. Recall that this sequence Carathe´odory converges to a marked region (U, u) if:
• un → u ∈ U , and
• for any Hausdorff limit point K of the sequence Cˆ \Un, U is a component of Cˆ \K.
For a simply connected U ⊂ C and u ∈ U let R(U,u) : D → U denote the inverse Rie-
mann mapping with normalization R(U,u)(0) = u, R
′
(U,u)(0) > 0. By a classical result of
Carathe´odory, the Carathe´dory convergence of simply-connected regions (Un, un)→ (U, u)
is equivalent to the locally uniform convergence of the inverse Riemann mappings R(Un,un)
to R(U,u).
For positive numbers ǫ1, ǫ2, ǫ3 and compact subsets K1 and K2 of the open unit disk
D, let the neighborhood Uǫ1,ǫ2,ǫ3,K1,K2(U, u, f) of an element (U, u, f) ∈ X be the set of all
(V, v, g) ∈ X, for which:
• |u− v| < ǫ1,
• sup
z∈K1
|R(V,v)(z)−R(U,u)(z)| < ǫ2,
• and R(U,u)(K2) ⊂ V , and sup
z∈R(U,u)(K2)
|f(z)− g(z)| < ǫ3.
One verifies that the sets Uǫ1,ǫ2,ǫ3,K1,K2(U, u, f) form a base of a topology on X, which we
will call Carathe´odory topology. This topology is clearly Hausdorff, and the convergence
of a sequence (Un, un, fn) to (U, u, f) is equivalent to the Carathe´odory convergence of the
marked regions (Un, un)→ (U, u) as well as a locally uniform convergence fn → f .
3.2. The Epstein class. An orientation preserving interval homeomorphism g : I =
[0, a] → g(I) = J belongs to the Epstein class E if it extends to an analytic three-fold
branched covering map of a topological disk G ⊃ I onto the double-slit plane CJ˜ , where
J˜ ⊃ cl J . Any map g in the Epstein class can be decomposed as
(3.1) g = Qc ◦ h,
where Qc(z) = z
3+ c, and h : I → [0, b] is a univalent map h : G→ ∆(h) onto the complex
plane with six slits, which triple covers CJ˜ under the cubic map Qc(z).
For any s ∈ (0, 1), let us introduce a smaller class Es ⊂ E of Epstein mappings g : I =
[0, a]→ J ⊂ J˜ for which both |I| and dist(I, J) are s−1-commensurable with |J |, the length
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of each component of J˜ \ J is at least s|J |, and g′(a) > s. We will often refer to the space
E as the Epstein class, and to each Es as an Epstein class.
We say that a commuting pair (η, ξ) ∈ C belongs to the (an) Epstein class if both of
its maps do. Similarly, a critical circle map f is Epstein if Rf is in the Epstein class. It
immediately follows from the definitions that:
Lemma 3.1. If a renormalizable commuting pair ζ is in the Epstein class, then the same
is true for Rζ.
Let us make a note of an important compactness property of Es
Lemma 3.2 (Lemma 2.10 [Ya2]). Let s ∈ (0, 1). The collection of normalized maps
g ∈ Es with I = [0, 1], with marked domains (U, 0) is sequentially compact with respect to
Carathe´odory topology.
The importance of the Epstein class lies in the fact that all C1-limit points of the sequence
{Rm(f)}∞m=M are in Es for a universal value of s > 0. A more precise formulation of this
was proved in the recent work of de Faria and de Melo [dFdM1]:
Lemma 3.3. There exists a universal constant s > 0 such that the following holds. Let
f ∈ Cr, (r ≥ 3) be a critical circle map with an irrational rotation number. Then the
sequence of real commuting pairs Rm(f) = (f˜ qm+1|I˜m, f˜ qm|I˜m+1) is bounded in C
r−1-metric,
and Cr−1-converges to Es at a geometric rate. If f ∈ C
ω, then the convergence is uniform
on compact subsets of C[0,1].
In particular, for a critical circle map f ∈ E there exists σ > 0 such that all its renormal-
izations are contained in Eσ. Moreover, the constant σ can be chosen independent on f ,
after skipping the first few renormalizations.
Finally, let us formulate an important statement about critical commuting pairs to be
used further in the paper (Lemma 2.13, [Ya2]):
Lemma 3.4 (Parabolic Limits). Let ζ = (η, ξ) ∈ E be a critical commuting pair with
ρ(ζ) = 0, which appears as a limit of a sequence of critical commuting pairs {ζn} with
ρ(ζn) ∈ R \ Q. Then the map η has a unique fixed point in the interval Iη, which is
necessarily parabolic, with multiplier one.
A commuting pair ζ = (η, ξ) ∈ E will be called parabolic if the map η has a unique fixed
point in Iη, which has a unit multiplier; this point will usually be denoted pη. Note, that
by virtue of its uniqueness, pη has to be globally attracting on one side for the interval
homeomorphism η|Iη , it is globally attracting on the other side under η
−1.
3.3. Holomorphic commuting pairs. De Faria [dF1, dF2] introduced holomorphic com-
muting pairs to apply the Sullivan’s Riemann surface laminations argument to the renor-
malization of critical circle maps. They are suitably defined holomorphic extensions of
critical commuting pairs which replace Douady-Hubbard polynomial-like maps [DH2]. A
critical commuting pair ζ = (η|Iη , ξ|Iξ) extends to a holomorphic commuting pair H if there
exist four simply-connected R-symmetric domains ∆, D, U , V such that
RIGIDITY PROBLEM 9
DV
U
∆
ξ
η
ξ ◦ η
0
Figure 2. A holomorphic commuting pair
• D¯, U¯ , V¯ ⊂ ∆, U¯ ∩ V¯ = {0}; the sets U \D, V \D, D \U , and D \V are nonempty,
connected, and simply-connected, IU = U ∩ R ⊃ Iη, IV = V ∩ R ⊃ Iξ;
• mappings η : U → (∆ \ R) ∪ η(IU) and ξ : V → (∆ \ R) ∪ ξ(IV ) are onto and
univalent;
• ν ≡ η ◦ ξ : D → (∆ \ R) ∪ ν(ID) is a three-fold branched covering with a unique
critical point at zero, where ID = D ∩ R.
We shall call ζ the commuting pair underlying H, and write ζ ≡ ζH. The interval
IH = [η(0), ξ(0)] will be called the dynamical interval of H. The domain D ∪ U ∪ V
of a holomorphic commuting pair H will be denoted Ω or ΩH, the range will be denoted
∆ or ∆H. The closure of the set of points whose orbit under H is contained in Ω will be
referred to as the filled Julia set of H, denoted K(H). The Julia set of H is defined as
J(H) = ∂K(H).
It is easy to see directly from the definition (cf. [dF2]) that:
Proposition 3.5. Let ζ be a commuting pair with χ(ζ) < ∞. Suppose ζ is a restriction
of a holomorphic commuting pair H, that is ζ = ζH. Then there exists a holomorphic
commuting pair G with range ∆H, such that ζG = Rζ.
The shadow of the holomorphic commuting pair H is the following piecewise-defined holo-
morphic dynamical system:
SH(z) =


η(z), z ∈ U
ξ(z), z ∈ V
ξ ◦ η(z), z ∈ D \ (U ∪ V )
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As the next proposition shows one may think of the shadow of a holomorphic commuting
pair as an analogue of a cubic-like map:
Proposition 3.6 (Prop. II.4. [dF2]). Given a holomorphic commuting pair H as above,
consider its shadow SH. Let I = Ω ∩ R, and X = I ∪ S
−1
H (I). Then:
• The restriction of SH to Ω \X is a regular three fold covering onto ∆ \ R.
• SH and H share the same orbits as sets.
We will say that two holomorphic commuting pairs H : ΩH → ∆H and G : ΩG → ∆G are
conjugate if there is a homeomorphism h : ∆G → ∆H such that
SG = h
−1 ◦ SH ◦ h.
In this case we will simply write G = h−1 ◦ H ◦ h.
3.4. Complex a priori bounds. We shall denote by H the space of holomorphic commut-
ing pairs H : Ω → ∆ whose underlying real commuting pair (η, ξ) is in the Epstein class.
In this case both maps η and ξ extend to triple branched coverings ηˆ : Uˆ → ∆∩Cη(Jη) and
ξˆ : Vˆ → ∆ ∩ Cξ(Jξ) respectively. We will turn H into a topological space by identifying it
with a subset of X×X by H 7→ (Uˆ , 0, ηˆ)× (Vˆ , 0, ξˆ) (cf. §3.1).
We say that a real commuting pair (η, ξ) with an irrational rotation number has complex
a priori bounds, if all its renormalizations extend to holomorphic commuting pairs with
bounded moduli:
mod(∆ \ Ω) > µ > 0.
For µ ∈ (0, 1) let H(µ) denote the space of holomorphic commuting pairs H : ΩH → ∆H,
with mod(∆H \ ΩH) > µ, min(|Iη|, |Iξ|) > µ and diam(∆H) < 1/µ.
Lemma 3.7 (Lemma 2.15 [Ya2]). For each µ ∈ (0, 1) the space H(µ) is sequentially pre-
compact, with every limit point contained in H(µ/2).
The existense of complex a priori bounds is a key analytic issue of renormalization theory.
In the case of critical circle maps it is settled by the following theorem:
Theorem 3.8. There exist universal constants µ > 0 and K > 1 such that the following
holds. Let ζ ∈ C be a critical commuting pair with an irrational rotation number. Then
there exists N = N(ζ) such that for all n ≥ N the commuting pair Rnζ extends to a
holomorphic commuting pair Hn : Ωn → ∆n in H(µ). The range ∆n is a Euclidean disk of
radius at most K, and the regions Ωn ∩ (±H) are K-quasidisks.
Remark 3.1. We first proved this theorem in [Ya1] for commuting pairs ζ in an Epstein
class Es, in which case N = N(s). Our proof was later adapted by de Faria and de Melo
[dFdM2] to the case of a non-Epstein critical commuting pair. In the general case, in a
Carathe´odory compact family of critical commuting pairs, the number N can be chosen
uniformly.
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Let ζ be at least n times renormalizable critical commuting pair. For the lack of a better
term, let us say that the pair of numbers τn(ζ) = (rn−1, rn−2) forms the history of the pair
Rnζ . Based on the above theorem and a detailed analysis of the shapes of the domains Ωn
we proved the following in [Ya1]:
Theorem 3.9 ([Ya1]). There exists a universal constant K1 > 1 such that the following
holds. Let ζ1 = (η1, ξ1) and ζ2 = (η2, ξ2) be two critical commuting pairs with irrational
rotation numbers. Let n > max(N(ζ1), N(ζ2)) + 1 as above. Assume that the n-th renor-
malizations of ζ1, ζ2 have the same rotation number and the same history. Then their
holomorphic commuting pair extensions H1n, H
2
n are K1−quasiconformally conjugate. The
conjugating map is conformal on the filled Julia set.
For commuting pairs of the type bounded by B this theorem was first proved by de Faria
[dF1, dF2], with “K1” depending on the value of B. The proof of the above theorem in the
case of an unbounded type rotation number requires an analysis of the shape of the domain
of the holomorphic pair. In what follows, let f be an analytic critical circle mapping with
ρ(f) ∈ R\Q, fix a sufficiently large n and let H : Ω→ ∆ be the holomorphic pair extension
of Rnf guaranteed by Theorem 3.8.
Consider the inverse orbit:
(3.2) J0 ≡ f
qn+1(In), J−1 ≡ f
qn+1−1(In), . . . , J−(qn+1−1) ≡ f(In),
and the corresponding inverse orbit for the domain ∆0 ≡ ∆ ∩H:
(3.3) ∆0,∆−1, . . . ,∆qn+1−(−1) ≡ f(U) ∩H.
Consider the consecutive returns of the orbit (3.2) to Im−1 before the first return to Im,
(3.4) J−qm, J−2qm, . . . , J−lmqm .
Consider the curve segment γm ⊂ f−qm([f qm−1−qm(0), f qm−1(0)]) ∩ H, cl γm ∋ f qm−1−qm(0),
and let
(3.5) γm ≡ γm−1, γ
m
−2, . . . , γ
m
−lm
be the corresponding inverse orbit of the curve segment γm under f qm. Let the curve Γm
be the union of the segments γmi , for i = −1, . . . ,−lm.
Lemma 3.10. There exists a topological disk Dˆ ⊂ D([f sqn−qn+1(0), f−qn−1−sqn(0)]) com-
mensurable with In−1, such that
• The domain U \ Dˆ is a K-quasidisk for some fixed K.
• The intersection ∂U ∩ Dˆ ∩H is contained in the curve f−(qn−1−1)(Γn), where Γn is
as above.
In conclusion, let us say that a holomorphic pair H is K-bounded if the conclusions of
Theorem 3.8 and Lemma 3.10 hold for H with this value of K and µ = 1/K, and each
of the maps ξ, η, and ν constituting H is a composition of the cubic map z 7→ z3 and a
conformal diffeomorphism with K-bounded distortion.
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Uf qn+1
f qn+1
∆
Figure 3.
4. McMullen’s rigidity result
We are going to briefly review here some of the results of McMullen on geometric limits in
dynamics, as discussed in Chapter 9 of [McM2]. The definitions are at times quite technical,
therefore we will not attempt to go into every detail, and will instead try to outline the
main points relevant to our analysis. McMullen gives a general definition of a holomorphic
dynamical system F in Cˆ as a countable collection of analytic hypersurfaces in Cˆ × Cˆ
which define the holomorphic relationships forming F . He endows the space of holomorphic
dynamical systems with the Hausdorff topology, the convergence in this topology is referred
to as the geometric convergence. Following [dFdM2], we will consider the holomorphic
dynamical system F = F(H) generated by the complete dynamics of a holomorphic pair
H. Each hypersurface in F(H) is the graph of a relation (SH)
i(z) = (SH)
j(z) for some
i, j ∈ Z.
Recall that a line field µ on Cˆ is parabolic if µ = A∗(dz/dz¯) where A ∈ Aut(Cˆ). A
dynamical system F is nonlinear if no parabolic line field is left invariant by F . It is
twisting if any holomorphic dynamical system F1 which is quasiconformally conjugate to
F is non-linear. A quantitative measure of non-linearity may be introduced as follows. Let
σ(z)|dz| =
2|dz|
1 + |z|2
be the spherical metric and denote B(x, r) the spherical ball of radius r centered at x. Let
B1, . . . , Bk be any collection of disjoint spherical balls, and let fi : Bi → Cˆ be a univalent
branch in F which extends to a ball with twice the radius. The nonlinearity ν(F) of F is
defined as
(4.1) ν(F) = inf
parabolic µ
sup
collectionsf1,...,fk
k∑
i=1
∫
Bi
|µ− (fi)
∗µ|σ2(z)dxdy.
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Our definition varies slightly form the definition of [McM2] who considers supremum over
the collections of maps with only a single element. It is not difficult to see that this
change does not affect the conclusions. As an example, the reader is invited to observe
how the proof of Lemma 9.12 of [McM2] will look with our definition (this lemma is a key
element of the proof of the Inflexibility Theorem below). Instead of passing to the limit of
a subsequence F satn → G as McMullen does, we consider a blow up vn of v, which is nearly
invariant under a uniformly twisting system Gn in the measurable sense. This leads to a
contradiction in the same way as before.
For a holomorphic dynamical system F and K > 1 set
νK(F) = inf
ϕ
ν(ϕ∗(F)),
where infinum is taken over K-quasiconformal mappings ϕ : Cˆ → Cˆ, ϕ(0) = 0, ϕ(1) = 1,
ϕ(∞) =∞. A collection of holomorphic dynamical systems Fα is uniformly twisting if for
any K > 1
inf
α
νK(Fα) > 0.
A holomorphic commuting pair H is uniformly twisting if any collection of blow-ups of
F = F(H) at the points of J(H) is uniformly twisting. More precisely, let Λ(H) be the
set of all pairs (x, r) ∈ C× R+ such that x ∈ J(H), 0 ≤ r ≤ 1. Let
νK(F ,Λ(H)) = inf
ω∈ch(Λ(H))
νK(T ω∗ (F)),
where ch(Λ(H)) is the convex hull of Λ in C×R+ and T ω, ω = (x, r) is the fractional linear
transformation moving the ball B(x, r) to B(0, 1). Then H is called uniformly twisting if
νK(F ,Λ(H)) > 0 for all K > 1.
The relevance of the above definitions lies in the rigidity result below; to formulate it we
need another definition. A point x ∈ J(H) is a β-deep point if there exists β > 0 such
that for every spherical ball B(x, r) with r sufficiently small, the largest ball contained in
B(x, r) \ J(H) has radius s(r) ≤ r1+β.
Theorem 4.1 (Dynamical inflexibility [McM2]). Let (F(H),Λ(H)) be uniformly twist-
ing and let ϕ : Cˆ→ Cˆ be a K-quasiconformal conjugacy between holomorphic pairs H and
G. Then for any β-deep point x of J(H), ϕ is C1+α conformal at x and constant α depends
only on K, δ and νK(F(H),Λ(H)).
de Faria and de Melo showed (see [dFdM2]):
Theorem 4.2. Let H be a holomorphic commuting pair with an irrational rotation number
ρ. There exists β > 0 such that the following holds:
(I) the critical point 0 is a β-deep point of J(H);
(II) if ρ is of bounded type, then (F(H), J(H)) is uniformly twisting.
To prove part (II) of Theorem 4.2 de Faria and de Melo show:
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Lemma 4.3 ([dFdM2]). For every A ∈ N there exist constants K > 1, δ > 0, µ > 0,
C > 0 such that for any holomorphic pair H with an irrational rotation number of a type
bounded by A, for every point z ∈ J(H), and every 0 < r < δ, the disk B(z, r) contains
a holomorphic pair H1 : Ω1 → ∆1 ∈ F(H) with the complex a priori bound µ, such that
diam(∆1) > Cr, and ∆1 is a K-quasidisk.
They then use the following fact:
Proposition 4.4 ([dFdM2]). In the notation of the previous lemma, there exists υ > 0
depending only on the values of K, µ, and C, such that the nonlinearity of SH1 is bounded
below by υ · area(∆1)
Taking the branches of SH1 to be the collection of maps in (4.1), we see that the nonlinearity
of F in the disk B(z, r) is bounded from below by const · area(B(z, r)). After rescaling
B(z, r) to B(0, 1), we see that the nonlinearity is bounded below by a uniform constant,
and hence H is uniformly twisting.
In this paper we will demonstrate:
Theorem 4.5. There exists ν0 > 0 such that for every holomorphic pair H with an irra-
tional ρ, (F(H), J(H)) is uniformly twisting, with
νK1(F(H),Λ(H)) ≥ ν0,
where K1 is as in Theorem 3.9
To understand the difficulty involved in proving uniform twisting in the case of a rotation
number of unbounded type, we need first to discuss the local theory of parabolic pertur-
bations. After a brief discussion, in the next section we will outline the idea of the proof
of Theorem 4.5.
5. Parabolic maps and their perturbations
5.1. General facts. We begin with a brief review of the theory of parabolic bifurcations,
as applied in particular to an interval map in the Epstein class. For a more comprehensive
exposition the reader is referred to [Do], supporting technical details may be found in [Sh].
Fix a map η0 ∈ E having a parabolic fixed point p with unit multiplier.
Theorem 5.1 (Fatou Coordinates). There exist topological discs UA and UR, called at-
tracting and repelling petals, whose union is a punctured neighborhood of the parabolic
periodic point p such that
η0(U¯
A) ⊂ UA
⋃
{p}, and
∞⋂
k=0
ηk0 (U¯
A) = {p},
η0(U¯
R) ⊂ UR
⋃
{p}, and
∞⋂
k=0
η−k0 (U¯
R) = {p},
where η−10 is the univalent branch fixing ζ.
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Moreover, there exist injective analytic maps
ΦA : UA → C and ΦR : UR → C,
unique up to post-composition by translations, such that
ΦA(η0(z)) = Φ
A(z) + 1 and ΦR(η0(z)) = Φ
R(z)− 1.
The Riemann surfaces CA = UA/η0 and C
R = UR/η0 are conformally equivalent to the
cylinder C/Z.
The coordinate change ΦA(z) = −1/(z − p) + o(1/(z − p)) and similarly for ΦR.
We denote πA : U
A → CA and πR : U
R → CR the natural projections. The quotients CA
and CR are customarily referred to as E´calle- Voronin cylinders; we will find it useful to
regard these as Riemann spheres with distinguished points +,− filling in the punctures.
The real axis projects to the natural equators EA ⊂ CA and ER ⊂ CR. Any conformal
transit homeomorphism τ : CA → CR fixing the ends +,− is a translation in suitable
coordinates. Lifiting it produces a map τ¯ : UA → C satisfying
τ ◦ πA = πR ◦ τ¯ .
We will sometimes write τ ≡ τθ, and τ¯ = τ¯θ, where
ΦR ◦ τ¯ ◦ (ΦA)−1(z) ≡ z + θmodZ.
The return map from UR to UA descends to a well-defined analytic transformation
E :W → CA
(the E´calle-Voronin map) where W is an open subset of CR. It is easy to see that the ends
of CR belong to different components ofW. The choice of a conformal transit isomorphism
Θ : CA → CR
respecting these ends determines an analytic dynamical system
FΘ = Θ ◦ E :W → C
R
with fixed points at ±. The product of the corresponding eigenvalues ̺±Θ is clearly inde-
pendent of Θ, and by the Schwarz Lemma is a number greater than one.
Suppose for an analytic map η in a sufficiently small neighborhood of η0 the parabolic
point splits into a complex conjugate pair of repelling fixed points pη ∈ H and p¯η with
multipliers λ±η = e
2πi±α(η). In this situation one may still speak of attracting and repelling
petals:
Lemma 5.2 (Douady Coordinates). Let V ⊂ C be a domain containing Iη0. There
exists a Carathe´odory neighborhood U(η0) of the map η0 in the domain V such that the
following holds. For any η ∈ U(η0) with | argα(η)| < π/4, there exist topological discs U
A
η
and URη whose union is a neighborhood of p, and injective analytic maps
ΦAη : U
A → C and ΦRη : U
R
f → C
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unique up to post-composition by translations, such that
ΦAη (η(z)) = Φ
A
η (z) + 1 and Φ
R
η (η(z)) = Φ
R
η (z) + 1.
The quotients CAη = U
A
η /η and C
R
η = U
R
η /η are Riemann surfaces conformally equivalent
to C/Z.
Let us note:
Proposition 5.3. There exists an open neighborhood W(η0) of η0 in the Carathe´odory
topology in the domain V , such that for every η ∈ W(η0) as above, the condition on the
eigenvalues of the repelling fixed points is automatically satisfied.
An arbitrary choice of real basepoints a ∈ UA and r ∈ UR enables us to specify the
Fatou and Douady coordinates uniquely, by requiring that ΦA(a) = ΦAη (a) = 0, and
ΦR(r) = ΦRη (r) = 0. The following fundamental theorem first appeared in [DH1]:
Theorem 5.4. With these normalizations the maps ΦAη , Φ
R
η depend continuously on η with
respect to the compact-open topology, and
ΦAη → Φ
A and ΦRη → Φ
R
uniformly on compact subsets of UA and UR respectively.
Moreover, select the smallest n(η) ∈ N for which ηn(η)(a) ≥ r. Then
ηn(η)(z) = (ΦRη )
−1 ◦ Tθ(η)+K ◦ Φ
A
η
wherever both sides are defined. In this formula Ta(z) denotes the translation z 7→ z + a,
θ(η) ∈ [0, 1) is given by
θ(η) = 1/α(η) + o(1)
α(η)→∞
mod1,
and the real constant K is determined by the choice of the basepoints a, r. Thus for a
sequence {ηk} ⊂ U(η) converging to η, the iterates η
n(ηk)
k converge locally uniformly if and
only if there is a convergence θ(η) → θ, and the limit in this case is a certain lift of the
transit homeomorphism τθ for the parabolic map η0.
5.2. An explanation of the method of the proof of Theorem 4.5. Let us begin
by explaining the difference between the bounded and unbounded cases. To understand
what happens in the case of an unbounded type, consider a sequence of renormalizable
holomorphic pairsHn →H with ρ(H) = 0, such thatR(Hn) also converge to a holomorphic
pair H′. In the Fatou coordinates of H, the preimages of of H′ form a grid Λ, which up to
a bounded distortion is produced by the translations z 7→ z + 1, z 7→ z + log(E ′(+))/2πi
(cf. Figure 4).
Since the Fatou coordinates have the order 1/(z − p), the size of the largest holomorphic
commuting pair of the grid in the disk Dr(p) is of the order r
2. Thus in this case we cannot
get the uniform twisting condition by finding a single holomorphic pair commensurable
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η0 η0
η0
η0
lift of E−1η0
Figure 4. Images of a disk under the parabolic dynamics
with the disk, as in Lemma 4.3. This is precisely where the argument of [dFdM2] fails in
the case of unbounded type.
The problem is resolved in this paper using the following simple idea. In any disk in
C, the domains of the holomorphic pairs of the grid Λ take up a universally bounded
proportion of the area. Therefore, the same is true in each of the disks Dr(p) for small
enough r. We will thus use all of the copies of H′ rather than just one of them to prove
that H is uniformly twisting.
6. Key technical lemma
For a critical commuting pair (η, ξ) set I = Iη \ η(Iη). Notice that the largest r for which
ηr(I) ⊂ Iη is equal to the height χ(ζ).
Lemma 6.1. For every K > 1 there exists 0 < C < 1 such that the following holds.
Suppose ζ is a critical commuting pair with an irrational rotation number. Then there
exists M such that for every m > M denoting (η, ξ) = Rmζ and r = χ(η, ξ), we have the
following.
Let ∆ be a disk K-commensurable with one of the intervals ηκ(I), 0 ≤ κ ≤ r, such that
∆ is symmetric with respect to the real axis, ∆ ∩ ηκ(I) 6= ∅ and (∆ \ ηκ(I)) ∩ R = ∅,
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∆
ηη
η
η
lift of E−1η
lift of E−1η
η η
Figure 5. Images of disk ∆ under the full dynamics of η
mod(∆) ≥ 1/K > 0. Then for any z0 ∈ η
i(I), 0 ≤ i ≤ r for any l ∈ [|ηi(I)|, 1] there exists
a pointed area (U, y) such that |z0 − y| ∼ l, diamU ∼ l and∑
∆˜⊂U
area(∆˜) ≥ Cl2,
where ϕ∆˜ = ∆ for some ϕ from the complete dynamics generated by η.
Proof. It is instructive to have a look at Figure 5, to see how ∆ is moved around under
η and η−1. Notice that the mapping Eη is some pertubation of Ecalle-Voronin mapping
E . In fact, Eη is the return map Rη to a strip connecting z− to z+. To describe the
picture mathematically, we have to pass to the Douady coordinates. First, Theorem 3.8
guarantees that there exists M > 0 such that for all m > M commuting pair Rmζ extends
to a holomorphic commuting pair Hm with universal complex a priori bounds. Hence we
can apply the following fact, which follows from Lemma 5.2 and Theorem 5.4.
There exist universal δ > 0, N > 0, such that for all r > N the following statements
hold. Denote ΦAη and Φ
R
η the attracting and repelling Douady coordinates of η, defined
in UA and UR respectively, where UA and UR are real-symmetric disks of radius δ whose
boundaries contain both of the points z+, z−.
For τ−(z) = z− − 1/(z − z−) and τ+(z) = z+ − 1/(z − z+) we have
1
K
≤ (τ− ◦ (Φ
A
η )
−1)′(w) ≤ K for w ∈ ΦAη (U
A ∩ (−H)),
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z−
z+
τ−
τ−(U−)
U−
∆
UR
UA
ΦAη
τ− ◦ (Φ
A
η )
−1
Figure 6. Estimate for the area of discs ∆˜, covered by U−
1
K
≤ (τ+ ◦ (Φ
A
η )
−1)′(w) ≤ K for w ∈ ΦAη (U
A ∩H),
1
K
≤ (τ− ◦ (Φ
R
η )
−1)′(w) ≤ K for w ∈ ΦRη (U
R ∩ (−H)),
1
K
≤ (τ+ ◦ (Φ
R
η )
−1)′(w) ≤ K for w ∈ ΦRη (U
R ∩H).
Notice that if r ≤ N , then all images of ∆ by η and its inverse are commensurable
by the Koebe Distortion Theorem, hence the statement is evident. Therefore we assume
r > N . Since δ is universal, we can restrict ourselves to z0 ∈ (U
A ∪UR)∩ ηi(I), and l ≤ δ.
20 D. KHMELEV AND M. YAMPOLSKY
By symmetry consider the case z0 ∈ U
A only. Given l ∈ [|ηi(I)|, δ/2] one can find real
y ∈ ηj(∆∩R), such that |y − z0| ∼ l and the circle U of radius l about y lies strictly inside
UA.
Let us study the intersections of U− = U ∩ (−H) with ∆˜. Firstly, U− intersects halfs of
∆˜, which are the images and preimages of ∆ by η. However, η also has a branching point at
0, which gives rise to ∆˜ lying in −H or H (see Figure 5). In fact, it follows from Lemma 5.2,
that the set {ΦAη (∆˜)} is a bounded distortion image of the lattice ⊔n,m∈ZD1/4(n+ im) (see
Figure 6). By the above estimates, the set {τ− ◦ (Φ
A
η )
−1 ◦ ΦAη (∆˜)} = {τ−(∆˜)} forms a
perturbed lattice in τ−(U
A ∩ (−H)). Consider
(6.1)
∑
∆˜
area(∆˜ ∩ U−) =
∑
∆˜
∫∫
τ−(∆˜∩U−)
Jτ−1
−
(w)dudv,
where w = u+ iv, dudv is an element of area, Jτ−1
−
(w) is the Jacobian of τ−1− at w. Since
τ 2− is the identity,
τ−1− (w) = z− −
1
w − z−
.
By the definition of the Jacobian of a conformal map:
Jτ−1
−
(w) = |(τ−1− )
′(w)|2 =
1
|w − z−|4
.
Hence the sum in (6.1) takes the form∑
∆˜
area(∆˜ ∩ U−) =
∑
∆˜
∫∫
τ−(∆˜∩U−)
1
|w − z−|4
dudv.
Since {τ−(∆˜)} form a perturbed lattice we can estimate the right-hand side as an integral
of 1/|w − z−|
4 over τ−(U−) times some universal constant C:∑
∆˜
area(∆˜ ∩ U−) ≥ C
∫∫
τ−(U−)
1
|w − z−|4
dudv = Cσ(U−) = Cπl
2/2
(notice that we used here that y ∈ ηj(∆ ∩R), i.e., the intersection of U− with ∆˜ is always
non-empty). Similar estimates can be carried over for U+, which yields the inequality∑
∆˜
area(∆˜ ∩ U) ≥ Cπl2 ≥ Cl2. 
7. Uniform twisting on the Julia set
The main result we prove in this section is the following:
Theorem 7.1 (Uniform twisting). There exists a universal constant C > 0 such that
the following statement holds. Let ζ be a critical commuting pair with an irrational rotation
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number, and let N be such that for all n > N the renormalization Rnζ extends to a K-
bounded holomorphic commuting pair with a universal K (as in §3.4). Fix n > N and let
H be the above extension. Then for every z0 ∈ J(H) = ∩m≥0H
−m∆ and for all l ∈ (0, 1]
there exists a pointed area (U, y) such that |z0 − y| ∼ l, diamU ∼ l and
(7.1)
∑
∆˜⊂U
σ(∆˜) ≥ Cl2,
where ∆˜ is the range of a holomorphic pair, which is a universally bounded distortion
conformal copy of some renormalization of H, generated by the complete dynamics of H.
For i ≥ 0 set xi = f
i(0). Recall the definition of the m-th dynamical partition Pm (2.1),
and for a point x /∈ {xi, 0 ≤ i < qm + qm+1} denote Pm(x) the element of the partition
containing x. For x = xi, let Pm(x) be the element of the partition which directly follows
x according to the standard choice of the orientation on the circle.
We will find the following two simple lemmas useful in the proof.
Lemma 7.2. Let f : T→ T be a critical circle mapping. Let Jm be an open interval with
endpoints f qm(0) and f qm−1(0). Then the intervals Jm, f
−1Jm, . . . , f
−qm−1+1Jm are all
disjoint. Moreover, there exists M ∈ N such that for all m ≥ M the following holds. Let
J˜m,k be the largest closed interval containing f
−kJm such that
J˜m,k ⊂ T \
⋃
j∈{0,...,qm−1−1}\{k}
f−jJm.
Then f−kJm lies universally well-inside J˜m,k and |f
−kJm| ≥ |J˜m,k|/C for some universal
C > 1.
Proof. Let us recall that
Pm−2 =
{
Ijm−1, 0 ≤ j < qm−2
Ijm−2, 0 ≤ j < qm−1
}
and Pm−1 =
{
Ijm, 0 ≤ j < qm−1
Ijm−1, 0 ≤ j < qm
}
.
Notice that Jm ⊂ Im−1 ∪ Im−2 and f
−qm−1Jm ⊂ Im−2: Therefore
f−1Jm ⊂ I
qm−1−1
m−2 ,
...
f−iJm ⊂ I
qm−1−i
m−2 ,
...
f−qm−1+1Jm ⊂ I
qm−1−qm−1+1
m−2 = I
1
m−2.
Hence the intervals Jm, f
−1Jm, . . . , f
−qm−1+1Jm are disjoint. A priori bounds for Pm−2
imply that the adjacent intervals I ′, I ′′ ∈ Pm−2 are commensurable. A priori bounds also
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imply that
1
C0
|Iqm−1−im−2 | ≤ |f
−iJm| ≤ C0|I
qm−1−i
m−2 |
The partition Pm−2 may contain at most one interval of the orbit I
j
m−1 between the interval
I
qm−1−k
m−2 ⊃ f
−kJm and the interval of the orbit I
j
m−2 which follows it. Therefore the required
bound for J˜m,k holds true. 
Lemma 7.3. Let H = (ξ, η) be a universally bounded holomorphic pair. Then there exists a
disk D′ ⊂ D\R and a disk D′′ ⊂ ΩH, centered at the origin, with diamD′ ∼ |J | ∼ diamD′′
and dist(D′,R) ∼ J , such that ν = ξ ◦ η is univalent in D′ and D′′ ⊂ ν(D′).
Proof. Follows from the fact that ν is cubic up to a universally bounded distortion. 
The first step towards proving Theorem 7.1 is:
Lemma 7.4. There exists C > 0 independent of ζ such that for all n > N as in the
statement of Theorem 7.1 the following statement holds. LetH be a K-bounded holomorphic
pair extension of Rnζ. For any z0 ∈ [ξ(0), η(0)] and for any l ∈ (0, 1] there exists a pointed
area (U, y) such that |z0 − y| ∼ l, diamU ∼ l and the estimate (7.1) holds.
Proof. Let f = H|[ξ(0),η(0)], ρ(f) = [r0, r1, . . .], pm/qm = [r0, . . . , rm−1] and for eachm choose
Jm as in Lemma 7.2. Thus Jm is the dynamical interval of the m-th pre-renormalization
Hm of H. Let ∆m ⊃ Jm be the range of Hm. Complex bounds (Theorem 3.8) imply that
diam∆m ∼ |Jm|. For each 0 < i ≤ qm−1 − 1, let V
(i)
m = f−i∆m. By the Koebe Distortion
Theorem we have diamV
(i)
m ∼ |f−iJm|. Now let us choose minimal m such that
|Pm(z0)| ≤ l ≤ |Pm−1(z0)|
Consider rm = χ(Hm), recalling that qm+1 = rmqm + qm−1. Consider m > M and take N
as in the proof of the Lemma 6.1. If rm ≤ N , then
|Pm(z0)|
|Pm−1(z0)|
≥
1
C(N)
,
uniformly in z0, where C(N) > 1 is chosen by real a priori bounds and satisfies the addi-
tional condition 1/C(N) < K1, where K1 > 0 is some universal number to be determined
in the course of the proof. Hence for rm ≤ N we can simply choose k so that f
−kJm is the
closest to z0. By Lemma 7.2 and commensurability of f
−kJm and V
(k)
m , this value of k and
the domain (U, y) = (V
(k)
m , f−k(0)) satisfy the conditions of the Lemma.
Let us now consider the other case, when rm > N and the ratio
|Pm(z0)|/|Pm−1(z0)|
is smaller when 1/C(N). The only complicated case with “possible parabolic cascade” in
this situation is
(i) Pm−1(z0) = I
t
m−1 for some 0 ≤ t < qm;
(ii) Pm(z0) = I
s
m for some 0 ≤ s < qm+1;
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Indeed, it can not happen that Pm−1(z0) = I
j
m, 0 ≤ j < qm−1, since then Pm(z0) = I
j
m,
and |Pm(z0)|/|Pm−1(z0)| = 1 and we can choose k so that V
(k)
m is the closest to z0 as in
previous paragraphs.
If Pm(z0) = I
s
m+1, 0 ≤ s < qm, then I
s
m+1 ⊂ I
s
m−1 = Pm−1(z0), i.e., s = t and a priori
estimates imply that they are comparable, i.e., |Pm(z0)|/|Pm−1(z0)| > K1, where K1 is a
constant whose existence was announced above. Similarly, we can choose k so that V
(k)
m is
the closest to z0, and domain (U, y) = (V
(k)
m , f−k(0)) works.
Let us sketch the position of intervals in the case of “possible parabolic cascade”:
z0
I tm−1
Ism
Applying f−t to I tm−1 we arrive exactly into situation described in Lemma 6.1:
x0 = 0 xqm+1
Jm+1
xqm = ηm(0) xqm−1 = ξm(0)
η−1m Jm+1
f−tz0
Is−tm
Iqm−1m
ηm ◦ ξm(0) = xqm−1+qm
Notice that Is−tm 6= I
qm−1
m (otherwise |Pm(z0)|/|Pm−1(z0)| > K1) and I
s−t
m ∩Jm+1 = ∅ (by
combinatorial reasons).
Let (ηm, ξm) = R
m(H). Consider Jm+1 and corresponding range ∆ = ∆m+1. Obviously,
η−1m Jm+1 ⊂ Im−1 and η
−2
m Jm+1 lies well-inside Im−1. The same branch η
−1
m pullbacks η
−1
m ∆
(if η−1m ∆ ∋ 0, we can consider ∆ = ∆m+k, such that η
−1
m ∆ 6∋ 0, where k is universally
bounded). By Lemma 6.1 we can find a pointed area (U ′, y′), |y′ − f−tz0| ∼ l, diamU
′ ∼ l,
which intersects a large number of images of η−1m ∆ under the complete dynamics of ηm.
Moreover, dist(U ′, 0) ∼ |Im−1|. Hence an application of the Koebe Distortion Theorem
gives (U, y) = (f t(U ′), f ty′) which satisfies the conditions of the theorem. 
By passing to renormalizations of ζ one can easily derive the following version of the
above lemma:
Proposition 7.5. There exists C such that for all n large enough the following holds. Let
H : Ω→ ∆ be a K-bounded holomorphic pair extension of Rnζ. Then for every z0 ∈ Ω∩R
and for all l ∈ (0, 1] there exists a pointed area (U, y) such that |z0 − y| ∼ l, diamU ∼ l
and (7.1) holds.
Proof of Theorem 7.1. The proof is similar to steps II and III of the proof of [dFdM1,
Theorem 6.8] with two essential differences. The first difference is that we have to take
into account possible parabolic cascades and to use Lemma 6.1 to work with them. The
second difference is that we should treat specially the cases when χ(H) is large and the
trajectory zk = H
kz approaches the real axis along the wings of the “butterfly”, not near
24 D. KHMELEV AND M. YAMPOLSKY
∆
U
η
η
η−1
Figure 7. Butterfly wing with parabolic behaviour (χ(H) > N)
the interval ΩH ∩ R (see Figure 3); we use Lemma 6.1 together with Lemma 3.10 to get
the estimates in this case.
From now on assume z0 ∈ J(H) \ R. By symmetry it is enough to consider the case
z0 ∈ H ∩ J(H). Let H = ∆ \ R and consider a vector v0 at z0 with the Euclidian norm
|v0| ∼ l. The sketch of the argument, which goes back to McMullen, is as follows: consider
the iterations zk = H
kz0, vk = (H
k(z0))
′v0 and wait until the disk of radius vk around zk
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encloses a commesurable (U ′, y′) disk with desired property (7.1). Afterwards we can pull
(U ′, y′) back to z0 to get the required (U, y). Notice that zk never leaves J(H), while the
hyperbolic length ℓH(vk) of vk increases to infinity (see Theorem 4.11, [dFdM2]):
ℓH(v0) ≤ ℓH(v1) ≤ . . . ≤ ℓH(vk)→∞.
There are two cases to consider.
R′
zk+1
vk+1
zk
R
Im zk
Figure 8. Case of ℓH(vk) < ǫ and ℓH(vk+1) > 1/ǫ
Case A. There exists k such that ℓH(vk) < ǫ while ℓH(vk+1) > 1/ǫ, where ǫ is a universal
constant to be determined in the course of the argument. To be definite, assume zk lies
in the domain of η, so zk+1 = η(zk) . Since for all z in domain Ω of H, the hyperbolic
density of H is commensurable with 1/ Im z, we have |vk|/ Im zk ∼ ℓH(vk) < ǫ. Hence
Im zk ≥ C|vk|/ǫ >> |vk|. Since all the branching points belong to the real axis, η is
univalent in a disk DR(zk) of radius R ∼ Im zk (notice, that we may need to consider the
renormalization of H instead of H to be able to extend η holomorphically to the disk),
cf Figure 8. By the Koebe One-quarter Theorem, η(DR(zk)) contains the disk DR′(zk+1),
where R′ = R|vk+1|/4|vk| >> |vk+1|. But ℓH(vk+1) ∼ |vk+1|/ Im zk+1 is large (> 1/ǫ), hence
|vk+1| >> Im zk+1. Now consider two subcases.
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Subcase A′. Assume that χ(H) ≤ N , N being a universal number to be fixed later. Then
the distance of the wings from the real axis is greater than some constant ǫ′ = ǫ′(N) > 0.
Hence, there exists constant ǫ1 = ǫ1(N), such that for any 0 < ǫ < ǫ1 we can take the point
ζ in the interval Ω ∩ R, closest to zk+1, and dist(ζ, zk+1) ∼ Im zk+1. By Proposition 7.5
there exists a pointed domain (U ′′, y′′) with the property (7.1), such that diamU ′′ ∼ |vk+1|
and |ζ − y′′| ∼ |vk+1|, and therefore |zk+1 − y
′′| ∼ |vk+1|. If ǫ < ǫ1 is chosen small enough,
we have U ′′ ⊂ DR′/2(zk+1). Take U
′ = η−1(U ′′) ⊂ DR(zk) and y
′ = η−1y′′ ∈ U ′. By
the Koebe Distortion Theorem diam(U ′) ∼ |vk|, and |z − vk| ∼ |vk|. Since DR(zk) ⊂ H,
we can pull back (U ′, y′) using the univalent inverse branch of H−k mapping zk to z0 to
get (U, y) = (H−kU ′,H−ky′), which by the Koebe Theorem satisfies (7.1) with a finitely
distorted constant C.
Subcase A′′. χ(H) > N . This case is illustrated by Figure 7. Lemma 3.10 guarantees
that the mapping η is close to a parabolic one in a disk Dˆ, which is commensurable with Iη.
At the same time since η also has a branching point at the endpoint of the interval Ω∩R,
we can bring a copy of holomorphic pair, say RH, commesurable with the length of γim
inside Dˆ and use the method of the proof of Lemma 6.1 to spread it around taking images
and pre-images with η. Obviously, if zk+1 is outside Dˆ it can be treated as in Subcase A
′.
Assume that zk+1 is inside Dˆ ∩ U . In order to apply estimates similar to the one used
in the proof of Proposition 7.5 we have to guarantee that for ∆˜ closest to zk+1 the diam ∆˜
is smaller than some constant times |vk+1|.
Recall that |vk+1| >> Im zk+1, hence we fall into one of the situations, sketched on
Figure 9. In “nondegenerate case” zk+1 lies inside the lattice of disks, which together
with Lemma 6.1 implies that disk DR′(zk+1) encloses pointed region (U
′′, y′′) with the
property (7.1) and further argument is the same as in Subcase A′.
The degenerate situation, sketched in Figure 9 has, in fact, bounded geometry. In-
deed, if zk+1 lies outside the lattice of disks, consider disk ∆˜ and a piece of boundary
γim, both closest to zk+1 (cf Figure 7). From estimates, given in [Ya1], and bounded-
ness of derivatives of E−1η we obtain dist(γ
i
m,R) ∼ dist(γ
i
m, ∆˜) ∼ diam ∆˜ universally.
Hence Im zk+1 ≥ K0 dist(γ
i
m,R), and hence |vk+1| ≥ K0 Im zk+1 and one can take (∆˜, y
′′),
y′′ ∈ ∆, as a pointed domain (U ′′, y′′) with property (7.1), such that diamU ′′ ∼ |vk+1| and
|zk+1 − y
′′| ∼ |vk+1|. Now the same procedure as in Subcase A
′ can be followed (possibly
with a further correction of ǫ).
Case B. ℓH(vk) ∼ 1 for some k. Remember that Im zk+1 ∼ |vk|.
Subcase B′. χ(H) > N and zk ∈ Dˆ. If zk is above the repelling fixed point z+ (i.e.
Im zk ≥ Im z+), then by estimates similar to the one used in the proof of Lemma 7.4 there
exists a domain (U ′, y′) with property (7.1) such that diamU ′ ∼ |vk+1| and |zk+1 − y
′| ∼
|vk+1|. This (U
′, y′) is now easily pulled back by H−k. If zk is below the fixed point z+,
then there are two subcases depending on the l = dist(zk, γ
i
m), where γ
i
m is the closest piece
of Dˆ ∩ Ω to zk.
These subcases are similar to the “non-degenerate” and “degenerate” situations, con-
sidered in Subcase A′′ with only the difference that in the “degenerate” situation one can
RIGIDITY PROBLEM 27
vk+1
zk+1
∆˜
γim
“Degenerate case”
zk+1
vk+1
“Non-degenerate case”
Figure 9. zk+1 and parabolic cascade in wings
not hope for a large disk DR′(zk+1), enclosing many disks from the parabolic lattice (be-
cause R′ is comparable with |vk+1| here). Hence, in the “degenerate” situation we iterate
zk+1 further, until such a disk would emerge. The exact description of dynamics, given by
Lemma 3.10 allows us to do so. Next, we describe this procedure more formally.
If l > K1|vk| for some K1, then we can use the same estimates as in Lemma 7.4 and
the argument is similar to the one used in subcase A′′. Otherwise zk becomes quite close
to γim and further application of η moves zk along the parabolic cascade, increasing the
hyperbolic length of ℓH(vk) (see Lemma 3.10 for description of dynamics).
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Eventually, we either fall into Subcase A′′ (with the large hyperbolic length and the
possible pull-back of the large number of copies of ∆˜), or ℓH(vl) remains comparable with
1 (which also allows to pull back a disk with copies of ∆˜ at the moment l when zl ∈ Dˆ,
zl+1 /∈ Dˆ).
Subcase B′′. Situations (1) χ(H) ≤ N and (2) χ(H) > N and zk /∈ Dˆ can be considered
simultaneously.
Let ζ be the point in Ω ∩ R, closest to zk. Then by Proposition 7.5 there exists a
pointed domain (U ′′, y′′), y′′ ∈ R, such that |ζ − y′′| ∼ Im zk, diamU ′′ ∼ Im zk, satisfying
the condition (7.1). It follows from the proof of Lemma 7.4 that one of the following
conditions holds for some universal K2:
i) There exists ∆˜ ⊂ U ′′ such that diam ∆˜ ≥ K2 diamU
′′, ∆˜ ∩ R 6= ∅.
ii) There exists a disk U ′ around y′, U ′ ⊂ U ′′ , with the property (7.1), such that
diamU ′ ≥ K2 diamU
′′ and dist(U ′,R) ∼ diamU ′′.
In case i) we can pull-back ∆˜ to origin by H−k for some k and to produce a disk D′,
containing a preimage of a holomorphic pair, commensurable with D′, using Lemma 7.3.
Now we choose (U ′, y) = (HkD′,Hkd), where d is the center of D′. Notice that by the
Koebe Theorem U ′ has the property (7.1).
In case ii) we already have U ′ satisfying (7.1).
The remaining step is to pull-back (U ′, y′) to z0, which can be carried over as in [dFdM1,
Theorem 6.8, step IIIb]. Indeed, if γ is a geodesic arc in H , connecting zk to U
′, then
diam(γ ∪ U ′) ∼ Im zk. Hence there exist rk ∼ Im zk and ζ1 = zk, ζ2, . . . , zs ∈ γ ∪ U
′, such
that
γ ∪ U ⊂ V = ∪sj=1Drk/2(ζj),
and such thatDrk(ζj) ⊂ ∆\R for all j. Inverse branch Ψ = H
−k, taking zk to z0 is defined in
each Drk(ζj). Application of the Koebe Theorem to each Drk(ζj) yields |Ψ
′(z)| ∼ |Ψ′(zk)| ∼
|v0|/|vk|. Hence (U, y) = (Ψ(U
′),Ψ(y′)) satisfy diamU ∼ |v0|, dist(y, z0) ∼ |v0|. 
Proof of Theorem 4.5. In view of Proposition 4.4, the abundance of copies of holomorphic
commuting pairs given by the estimate (7.1) provides a uniform and universal bound from
below on nonlinearity defined by (4.1). 
Proof of Theorem 1.1. The statement follows from the Dynamical Inflexibility Theorem 4.1
together with Theorem 4.2 (I) and Theorem 4.5. 
8. Hyperbolicity of the renormalization horseshoe
In this section we will apply our Rigidity Theorem to obtain a new proof of the hyperbol-
icity of the global horseshoe for the cylinder renormalization operator Rcyl [Ya3, Ya4]. The
second author has established this result in [Ya4] using some infinite-dimensional quasi-
conformal deformation spaces arguments. Now we will be able to give a simpler argument,
following along the same lines as the proof of hyperbolicity of the periodic orbits of Rcyl
given in [Ya3]. We will use [Ya3] as the general reference for this section, however, for the
sake completeness, we will briefly recall the basic definitions.
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Definition of Rcyl. The main point of [Ya3] was to replace the renormalization operator
R acting on the space of commuting pairs with an analytic operator Rcyl defined on
a complex-analytic Banach manifold. To define Rcyl, we will need a few preliminaries.
Firstly, let us denote π : C → C/Z the natural projection. For an equatorial topological
annulus U ⊂ C/Z denote AU the space of bounded analytic maps ϕ : U → C/Z, such
that ϕ(T) is homotopic to T, equipped with the uniform metric. To turn this space into a
Banach manifold, consider the Banach space A˜U of bounded analytic 1-periodic functions
from π−1(U)→ C with the sup norm, and use the local homeomorphism A˜U → AU given
by
ψ 7→ π ◦ (ψ + Id) ◦ π−1
to define the atlas onAU . We denoteCU the codimension two submanifold ofAU consisting
of maps with a cubic critical point at the origin. Let CRU ⊂ CU be the real Banach manifold
consisting of the critical circle maps in CU (the real slice of CU). As in [Ya3], a tangent
space to CU will be naturally identified with a Banach subspace BU ⊂ A˜U , B
R
U will again
denote the real slice.
Given a critical cylinder map f ∈ CU let us say that it is cylinder renormalizable, or
simply renormalizable, if there exists k > 1 and an equatorial annulus V ⊂ C/Z such that
following holds:
• there exist repelling periodic points p1, p2 of f in U with periods k and a simple
arc l connecting them such that fk(l) is a simple arc, and fk(l) ∩ l = {p1, p2};
• the iterate fk is defined and univalent in the domain Cf bounded by l and f
k(l), the
corresponding inverse branch f−k|fk(Cf ) univalently extends to Cf ; and the quotient
of Cf ∪ fk(Cf) \ {p1, p2} by the action of f
k is a Riemann surface conformally
isomorphic to the cylinder C/Z (we will call a domain Cf with these properties a
fundamental crescent of fk);
• for a point z ∈ C¯f with {f
j(z)}j∈N ∩ C¯f 6= ∅, set RCf (z) = f
n(z)(z) where n(z) ∈ N
is the smallest value for which fn(z)(z) ∈ C¯f . We further require that there exists
a point c in the domain of RCf such that f
m(c) = 0 for some m < n(c); and if we
denote fˆ the projection of RCf to C/Z with c 7→ 0, then fˆ ∈ CV .
We will say that the new critical circle map fˆ is a cylinder renormalization of f with period
k.
Proposition 8.1 (Properties of cylinder renormalization, [Ya3]). The following
statements hold:
• The cylinder renormalization does not depend on the choice of the fundamental
crescent.
• If f ∈ CU is cylinder renormalizable with period k, then there exists an open neigh-
borhoodW(f) ⊂ CU such that every g ∈ W(f) is also cylinder renormalizable, with
the same period, and the fundamental crescent Cg can be chosen to move continu-
ously with g.
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• Moreover, the cylinder renormalization is an analytic operator W(f)→ CV .
The connection with the renormalization of commuting pairs is established as follows:
Proposition 8.2 (Cylinders of commuting pairs in E [Ya3]). Let ζ = (η, ξ) be a
commuting pair in the Epstein class with χ(ζ) 6=∞. Then the map η has a real-symmetric
fundamental crescent Cη, with
Cη ∪ η(Cη)/η ≃ C/Z,
whose first return map projects to an analytic critical circle map fζ independent of the
choice of Cη, whose rotation number ρ(fζ) = ρ(Rζ). Further, there exists U = U(s) such
that if ζ ∈ Es, then fζ ∈ C
R
U .
Proposition 8.3 ([Ya3]). If ζ1, ζ2 ∈ E , and χ(ζ1) = χ(ζ2) = r 6=∞, then the equality
fζ1 ≡ fζ2
is equivalent to the existence of a conformal conjugacy between ζ1 and ζ2 whose domain
contains a fundamental crescent (we will write ζ1∼conf ζ2 in this case). Moreover, if ζ1, ζ2 ∈
Es, then
distC0(ζ1, ζ2) ≥ c(s, r) distC0(fζ1 , fζ2).
From now on, let us fix s > 0 as in Lemma 3.3, and set U = U(s) from Proposition 8.2.
Finally, we have:
Proposition 8.4. Then there exists N ∈ N such that the following holds. Suppose ζ ∈ Es
is at least N-times renormalizable. Then the renormalization RNζ ∈ Es. Further, the map
fζ is cylinder renormalizable in such a way that its renormalization is fˆ = fRN ζ , which is
in CV with V ⋑ U .
Definition 8.1. For the remainder of the paper fix the value of N as above, and set
M = CRU . We will call fˆ as in Proposition 8.4 the cylinder renormalization of fζ , and write
fˆ ≡ Rcylfζ .
By Proposition 8.1, for every pair ζ as above, the tranformation fζ 7→ Rcylfζ extends to an
open neighborhood Y ⊂ CU as an analytic operator Y → CU . We shall call this operator
the cylinder renormalization operator.
Proposition 8.5. If ζ1, ζ2 are at least N-times renormalizable elements of Es, and ζ1∼conf ζ2,
then RNζ1∼confRNζ2. Hence the action of RN is well-defined on the quotient space Es/∼conf ,
and denoting ι : [ζ ]∼conf → CRU , we have
ι ◦ RN = Rcyl ◦ ι.
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Hyperbolicity of the renormalization horseshoe. Now let fˆ ∈M be a point in the
renormalization horseshoe. That is, fˆ = fζ for a commuting pair ζ in the horseshoe I of
R (see [Ya2]). Set ρ = ρ(fˆ) and define
Dρ = {f ∈M, such that ρ(f) = ρ}.
We have:
Theorem 8.6 (Theorem 8.2, [Ya3]). There exists an open neighborhood W ⊂M of fˆ such
that Dρ ∩W is a smooth submanifold of M of codimension 1.
Let the hyperplane T ≡ Tfˆ (Dρ ∩W ) be the tangent space to this codimension one sub-
manifold at fˆ , and let L be the differential of Rcyl at fˆ :
L = DfˆR
m
cyl : B
R
U → B
R
U , L : T → T
Recall that a continuous linear operator on a Banach space is called compact if it maps the
closed unit ball of the space onto a compact set. This condition is equivalent to the image
of every closed bounded set being compact.
Proposition 8.7 (Prop. 9.1, [Ya3]). The operator L = DfˆR
m
cyl : B
R
U → B
R
U is compact.
Proposition 8.8. There exists a < 1 independent of fˆ such that the operator L|T is a
contraction by a, and moreover, the spectral radius Rsp of the operator L|T is at most a.
Proof. The spectral theory of compact operators implies that there exist finitely many
eigenvalues λi of L|T with |λi| = Rsp(L|T ). The space T breaks into a direct sum E
1⊕E2,
where the latter is a finite-dimensional subspace spanned by the generalized eigenvectors
of λi, and the action of Rcyl|Dρ near fˆ is dominated by the projection of L|T to E
2.
The Rigidity Theorem implies that Rcyl is a universally geometric contraction in W ∩ Dρ
(Corollary 1.2). This implies that Rsp(L|T ) < a < 1. 
Define a cone C ∈ BRU as follows:
Cf = {v ∈ B
R
U such that inf
x∈R
v(x) > 0}.
Lemma 8.9.
(I) The cone C is renormalization-invariant: L : C → C,
(II) Moreover, there exists α > 0 and k ∈ N independent of fˆ such that for any vector
field v ∈ C
inf
x∈R
DfˆR
mk
cyl (v(x)) > (1 + α) inf
x∈R
v(x)
(III) Finally, there exists ℓ ∈ N such that if v ∈ BU belongs to the closure of C, and
v 6= 0, then Lℓ(v) ∈ C.
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Proof. Let f˜ = π−1 ◦ fˆ ◦ π. As follows from an elementary computation, if f˜t(x) =
f˜(x) + tv(x) + o(t), then
(8.1) f˜ 2t (x) = f˜
2(x) + tv2(x) + o(t) = f˜
2(x) + t(f˜ ′(f˜(x))v(x) + v(f˜(x))) + o(t),
and more generally, if we write
(8.2) f˜nt (x) = f˜
n(x) + tvn(x) + o(t), then vn(x) = f˜
′(f˜n−1(x))vn−1(x) + v(f˜
n−1(x))
Let us denote Ck ⋐ U the fundamental crescent of fˆ corresponding to the k-th cylinder
renormalization Rkcylfˆ , and Jk = Ck ∩ T. Let ϕk(x) be the corresponding uniformizing
coordinate Ck → C/Z, and Φk : Cn → C its lift. In the local chart given by ϕ−1k , the k-th
cylinder renormalization Rkcylfˆ is represented by the iterate gk = fˆ
qmk for some m ∈ N.
To prove the first claim, observe that by (8.2),
(8.3) inf
x∈R
vn(x) ≥ inf
x∈R
v(x) > 0.
The image
(8.4) DRcylv = [(Φk)
′ ◦ gk · (vqmk |Jk)] ◦ (Φk)
−1
Since (Φk)
′ > 0, (I) follows.
To prove (II), note that by the real a priori bounds, the sizes of the intervals Jk decrease
geometrically with k. On the other hand, applying the Koebe Distortion Theorem to the
conformal extension of Φk to Ck and its two neighboring iterates, we see that the distortion
of Φk on the interval gk(Jk) is bounded uniformly in k nd f . Hence, there exists α > 0 and
l ∈ N independent of f such that for all k ≥ l
(Φk)
′|gk(Jk) > 1 + α,
and (II) follows from (8.4).
Finally, to see (III), observe that if v(x) 6≡ 0, then there exist ℓ, n ≤ qmℓ such that
v(x) > 0 for every x ∈ fn(Jℓ). The claim now follows from (8.2). 
We conclude:
Proposition 8.10. There exists ℓ ∈ N such that the invariant horseshoe of the operator
Rℓcyl is hyperbolic with one-dimensional unstable direction.
Proof. Let k, m, α be as in the previous lemma, and set ℓ = mk. In view of Proposition 8.8
we only need to construct the one-dimensional expanding direction of Rℓcyl. For a periodic
point fˆ of period p of this operator, the previous lemma implies thatRsp(DfˆR
ℓp
cyl) > (1+α)
p.
Moreover, since the spectrum of a compact operator is discrete, and every non-zero element
of the spectrum is an eigenvalue, the corresponding eigendirections vary continuously with
fˆ . The statement easily follows. 
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9. Concluding remarks
Let us conclude by outlining some of the recent developments, and open problems which
naturally relate to the results of this paper. Firstly, de Faria and de Melo [dFdM1] have
introduced a class of rotation numbers FM ( T \Q specified by the following conditions:
ρ = [r0, r1, . . .] ∈ FM if
• lim sup 1
n
∑n−1
j=0 log rj <∞,
• lim 1
n
log rn = 0,
• 1
n
∑k+n−1
j=k log rj ≤ ωρ
(
n
k
)
, for 0 < n ≤ k, where ωρ(t) is a positive function defined
for t > 0 and such that tωρ(t)→ 0 as t→ 0.
The class FM has full Lebesgue measure on the circle, and contains all the rotation
numbers of bounded type. de Faria and de Melo proved the following:
Theorem [dFdM1] Let f and g be two critical circle mappings of class C3 with the same
irrational rotation number of class FM and the same odd integer order of criticality.
Suppose that the uniform distance
distC0(R
nf,Rng)→ 0 geometrically fast.
Then there exists a C1+α diffeomorphism of the circle conjugating f and g.
In combination with the main theorem of this paper, this implies:
Corollary. Any two analytic critical circle mappings f and g with the same order of
the critical point and the same irrational rotation number ρ ∈ FM are C1+α-smoothly
conjugate.
de Faria and de Melo also provided examples of smooth maps of unbounded type, which
have the same rotation numbers and yet are not C1+α conjugate on the whole circle. The
first natural question to ask, given the main result of this paper is:
Question. Does the conjugacy between two analytic critical circle maps with an irrational
rotation number, which maps the critical point to the critical point, have the smoothness
C1+α on the whole circle?
It is also natural to ask:
Question. Are any two smooth critical circle maps of bounded type C1+α conjugate at
the critical point?
The counterexamples constructed by de Faria and de Melo make an essential use of the
almost parabolic dynamics due to the unbounded type.
Further, there was a recent announcement by K. Khanin and A. Teplinskiy of the fol-
lowing theorem:
Theorem [Khan] Let f and g be two smooth critical circle mappings with the same
irrational rotation number and the same odd integer order of criticality. Suppose that the
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C2+ǫ-distance
distC2+ǫ(R
nf,Rng)→ 0 geometrically fast.
Then there exists a C1-diffeomorphism of the circle conjugating f and g.
In combination with the renormalization convergence result of [Ya4] (which we proved by
a different method in this paper), this implies:
Corollary. Any two analytic critical circle mappings f and g with the same order of the
critical point and the same irrational rotation number are C1-smoothly conjugate.
It is not clear if this result can be generalized to the smooth case. In particular,
Question. Let f and g be two C3-smooth critical circle maps with the same irrational
rotation number and the same order of the critical point. Is it always true that
dist(Rnf,Rng)→ 0 geometrically fast?
Renormalization theory for analytic critical circle maps with a cubic critical point is now
complete [Ya3, Ya4], and all the results generalize to the case of a map with an arbitrary
odd order γ > 1 of the critical point. However, numerical experiments show that the same
kind of renormalization horseshoe exists also for non odd-integer γ > 1. The obvious issues
with analyticity preclude from directly extending the existing theory to those cases. This
remains therefore an important and challenging problem.
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